CONDITIONS FOR ASSOCIATIVITY OF DIVISION
ALGEBRAS CONNECTED WITH
NON-ABELIAN GROUPS*

BY
JOHN WILLIAMSON

1. Introduction. The problem of the determination of division algebras
has been successfully investigated by Professor L. E. Dickson, who was the
first to discover a division algebra D of order n? over a field F,and who recently
has shownt how to construct all algebras T' of order #*=(%? over a field F,
corresponding to the Galois group G of order #=Qq of an equation f(x) =0
irreducible in F. In addition, he has determined the general conditions,
called Dy, D., D;, which must be satisfied by the algebra I' if it is associative.
He has also reduced these conditions in detail for an algebra I' corresponding
to a Galois group G of two generators, both when G is an abelian group, and
when G is not abelian but of a special type. Based on his work, our problem
is to reduce the associativity conditions, first when the group G is generated
by two generators 0, and ©,, where 0, transforms 0, into some power of ©;;
and second when G is generated by three generators @,, 0,, and ©,, where 9,
transforms ©, into some power of ©, and ©, transforms ©, and ©, into powess
of ©, and O, respectively.

As this paper is a continuation of Dickson’s paper (these Transactions,
vol. 28 (1926), pp. 207-234), direct reference is made to it throughout.
Numbered lemmas, numbered theorems and formulas in square brackets
refer to lemmas, theorems and formulas in his paper. The notation is every-
where the same except that, for convenience in this paper, Q has been used
for p, and § for B. It is assumed that the reader has Dickson’s paper before
him.

The conditions D,, D, and D; are the formulas [53], [55], and [58] of
Theorem 10:

D, 6= 8(0,):1.,
D3 aka,(ok,)cko,, = Gk,(ﬂq)au (k,f = 1, cet g = 1 y Qg = 1),
Dg Bdg = ag(of‘l)ak,(of‘z)ak“(of") R 7 TN 05(01,.. . .)

(k=1’2r"':q_l),

* Presented to the Society, December 31, 1926; received by the editors January 28, 1927.
t L. E. Dickson, New division algebras, these Transactions, vol. 28 (1926).
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where there are Q —1 subscripts 0 under the last « and Q under the final 4.

PART 1. ALGEBRAS I' CONNECTED WITH A NON-ABELIAN GROUP
GENERATED BY TWO GENERATORS

2. The group G. Let G, be the cyclic group generated by 8, of order
¢, and let G, be extended to G by 8, where G, is of index Q under G. Then the
Qth, but no lower than the Qth power of 8,, is a substitution of G,. If
also 8, transforms 6, into some power x of 6, then

8¢ =9, 6,90, =06,

where ¢ and x are integers less than g¢.
Since G, is cyclic we may denote 8,* by 8,(k <g¢) and hence

(1) 6,'0:0,* = 0, for all integers s > 0.

But ©,=6¢ and is commutative with 8,, hence it follows from (1)
with 2=¢ and s=1 that

2 e(x—1)=0 (mod g).
For the same reason replacing s by Q and & by 1 in (1), we see that
3 20 =1 (mod g)

and that z is relatively prime to ¢g. Groups of this type exist; one such is a
transitive group of order 16 with =2, ¢=8,x=S5 and ¢=4.
3. Algebra =. The units j may be given the notation

4 Jt =g I =Juy  Jie = Juth (k<gq, s<0Q),
) e =g, J=5du
where g and & are numbers 0 of F(i). We also see that

ko=+kx (modgq), k..,=kz (modyg) (B <q, k--0<q)

where there are s zeros as subscript to k. Throughout this part of the paper
a;z will denote aiy,..., where there are s zeros subscript to .

The subgroup G, is now cyclic. Hence by Theorem 1 the algebra = may
be regarded as an algebra of order g* over the field F,, derived from F by
adjoining all the symmetric functions of 2, 6;(s), - - - , 0,1(¢). This algebra
is associative if g=g(6,).* Consequently, by Theorem 10, I is associative,
if the conditions D,, D; and D, all hold and g =g(6,).

* Loc. cit., §4.
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4. Associativity conditions for I'. Equation [6] gives the following
formulas:

©) Jur=ju, w=k+r, =1 (r+ k< g),
jw=gu w=k+r—gq, =g (r+k2gq,r<gq, k<yg).

The condition D, gives

0 5 = 5(8)a.

Let us now consider the condition D,. For any integer m >0, there exists
an integer a¢., 0<a.<g, and an integer ¢ >0 such that ?.x=mg+a. and
(ta—1)x<mg. We define ¢ to be 1. Hence a., is the value of #.,, which is
written for (fw)o. If fwy>kZta, then k=t.+s, kx=mg+an+sr and
kRo=aw+sz. In the same way, if t.;1>721a, r=¢.+9v and ro=a,.+v2.

If k+r<q, cww=1 by (6) and, if ket+ro<gq, ciy,=1 and (k+r)z
= (m-+-n)g+ro+ko,. Consequently ¥ =¢nya+b and D, becomes

@®) oty o(047) = @opsnts.

But, if ko+70=¢, % =tmiat1+b, and D; becomes

O Qo et o(01%)8 = Copynsrtd-

If we write k=1, that ism =0 and s=1, in (8) and (9) we get

(10) a @i :(0°) = arpes1 o+1<top1—t),

(ll) “a‘ﬂ—'(ol.)g = Qa4 (’ + 1= tﬂ"“ -— t')’
and (12) follows by induction from (10) and (11):

(12) O = Qg ity = gnm(of) e a(ol('-l)s) (' = 1’2, N 1).

It is easily verified that equations (9) and (10) are satisfied identically,

when the values for a;, o, and «, from (12) are substituted into them.
When k+r=gq, ko+ro=¢ and so cir=ci,, =g, While ¥=0. Hence D,

becomes asa,(0;*%)g =g(0,), or on substitution for a; and «, from (12)

(13 aa(01%)a(0*) - - - a(0:1V*)g* = g(8,).
That g occurs on the left hand side to the power of « is easily seen. For
k+nNx=m+n)g+ kot ro=(m+ 5+ 1)gq,
m+nt+1=x.



114 JOHN WILLIAMSON [January

If k4+r>q, cir=g and u=k+r~—q. Then, as in the previous cases,
Chgo =1, k+r=tmn+bd, 4=1tntas+b;
=g, k+f=tm+n+1+b, “=tm+1..;+b.

On substituting for a, o, and a, their values from (12) into D, and cancel-
ling the terms common to both sides, we see that, when k+7>¢, D, reduces
to (13). Hence we have the following lemma:

LeMMA A. The condition D; reduces for all values of k,r <q, to (12) or (13),
where (12) merely serves to express a,(r=2, - - - , g—1) in terms of a.

Next, let us consider the condition D;. Since X%=1 (mod q), js,...,=/s
(where there are Q subscripts 0) and, since j, and j, are commutative, d, in
D, is equal to 1. Condition D; becomes

(19) 5 = (6 ana(67 ) - - - ars013(0) (k=1,2,---,4=1).
LEMMA B. The condition (14) follows for all values of k <q from

(15) 6= a(oqo—l)as( q_ )az’(oqo-s) e aso‘la(ol)-

To prove this lemma by induction, we assume that (14) holds for all values
of k <k and, writing 6,* for 7 in (15), combine the equation thus obtained with
(14). Since by [8] and (1)

ogo-colk = olkﬂog-l’

5 5(04) = I:f otk z-1(63 ") 2o-1(0,403 ) 5(0:4)8(6,++Y) .

=1
But by the general formula D, this becomes

g Q—s+1
(16) 8 = 801 TT aqeeny o 637 ot ) )

sl Chom,=(097°)
(Since O =8%y,...,, Cras, 2o is used to denote cx...q.1...,, Where there are s sub-
scripts 0.). All the ¢’s in this product cancel except the first of the numerator
and the last of the denominator, namely c,,,l(Of) and ¢;.q,.q, €ach of which is
equal to 1, since for the induction ¥ <¢—1. Hence (16) is simply (14) with &
replaced by £+1. As (14) holds for =1 the proof of the lemma is complete.

We have now proved the following theorem:

THEOREM A. Let f(x)=0 be an equation of degree Qq irreducible in F
whose Galois group G is generated by ©, and O, such that ©, is of order q and
O, transforms ©, into Of and © 2=0,*, while no lower than the Qth power of
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©, is equal to a power of ©:. Excluding the case g=2, we see that G is not
abelian and that x, e, ¢ and Q must satisfy (2) and (3). The roots of f(x) =0 are

=0,1,---,0 =1
000 (5) = 07089 Gore))

where 0,°(3) =i, 0,2(5) =0,"(3), and 0, and 0, are rational functions of i with
coefficients in F. There exists an associative algebra Z whose elements are
A=fo+ fii+ fajd + - -+ frh*,
where the fi are polynomials in i of degree less than Qq with coefficients in F,
while
ne= g(’) = g(el)’ jl'd’(i) = ¢(01'(i))j1' (r= 1, .- Y l)’
5o that the product of any two elements of Z is another element of Z. Let

A" = fO(oq) + :g fk(oq)akak)

where a; is defined by (12). Then under multiplication defined by [20] the
totality of polynomials in j, with coefficients in Z form an algebra of order Qg
over F, which is associative if and only if g =g(6,), 6 = 8(0,)cte, and (13) and (15)
hold.

PART 2. ALGEBRAS I' CONNECTED WITH A GROUP GENERATED
BY THREE GENERATORS

5. The group G. Let the group G have the invariant subgroup G,
which is of the same type as the group G considered in §2, where G, has the
invariant cyclic subgroup G, generated by ©, of order p, and G, is of index
P under G, and is extended to G, by the substitution @,. Further, let G,
be of index Q under G so that the Qth, but no lower than the Qth, power
of O, is a substitution of G,. Then, if ©, transforms @, into 6, and O, into
0,*, while @, transforms 0, into ©, we have

17 63=0,=0,49,1, 0,=0,=0¢ (¢<p, 1< p, &a <P,
(18) ©;%0,9, =09,

(19) ©;%0,%9, = 0,

(20) ©;'0,20,' = 0,

where a, b and s are integers >0.
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It follows from §2 that the substitutions of G, are represented uniquely
in the form ©;,=04,,,=0,20,° (b <P, a<p) and if ¢g=Pp the substitutions
of G in the form 6,,4,,=0.,0.(r<Q, k<q). Asin §2 we see that

(21) P =1 (mod p),

(22) (x—1)e=0 (mod p).
If we write s=0Q, a=11in (19), it follows from (17) that

(23) zr = (mod p).

Similarly, from (17) and (20) with s=0Q, we find that

(24) b(@ — 1) = bmP, emb+ ex(a* — 1) =0 (mod p)(b=1, --- ,P — 1).
But (24) is satisfied if

(25) N—1=mP, em+ea(x—1)=0 (mod p)(m integer > 0).

In addition the transforms of ©2 and 076 by ©, must be equal and also
the transforms of ] and ©, by ©,. Hence we have

(26) es(s—1)=mnp, e(z—y) =0 (mod p)(n integer > 0).

Finally, since
6;1(60,10:0,)0, = (8;16;1)6.(8,8,),

0, = glvr,
and, as « is relatively prime to p, y is relatively prime to p by (23). Hence
(27) =1 (mod p).

Other conditions to be satisfied by the parameters e, e, e, %, ¥, and 2z may
be deduced, but these are all that will be required. It is sufficient for our
purpose that groups of this type do exist. For example, there is a transitive
group of order 32 in which p=4, P=4, Q=2, ¢=2, e,=2, e2=0 and
x=y=g=3.

Ifk=a+bp(a=0, 1, cecy, p—l,b=0, 1, e .. ,P'-l), then koo...o=aoo...o
+boo...0p Where @g...0<p and =ay* (mod p), bo...o<P and =bz*(mod P)
and there are s subscripts 0. With these values of & and k,, the units and
constants of multiplication of I' are given by formulas [49], [50] and [52],
where p, ¢ and B are replaced by Q, ¢’ and & respectively.

6. The algebra 2. Thesubgroup G, being now of the type G considered
in §2, the algebra =, which by Theorem 1 may be regarded as an algebra
of order ¢* over the field Fy, derived from F by adjoining all the symmetric
functions of 3, 6,(z), - - -, 0,1(3), is of the type I considered in Part 1. If
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we substitute p, P, 8 and p for ¢, Q, « and § respectively, all the formulas
of Part 1 hold. Hence 2 is associative if, and only if,

g =gy,

p = p(85)B.,

B B(6:5)B(61=) - - - B(6:L7=)g* = g(6,),

p = BOF B0 )Bu(0F2) - - - Barrip(6y).

(28)

By Theorem 10, if (28) holds, T is associative if and only if the conditions
D», D,, and D; all hold. In these conditions, as quoted in the introduction,
we must now write ¢’ for e.

7. Associativity conditions for I Condition D, gives
(29) 5 = 8(8,)cx, (¢ = er+ esp).
In the consideration of condition D, let
=bp+a (a,¢=o,1,.--,p—1>,
r=sp+t b, s=0,1,.-- ,P—1/,
If b=5s=0, we see as in §4 that D, reduces to (30) and (31):
(30) s = ey = ghaa(P) - - - a(fye1y) (e=1,2,..-,p—1),
(1) g(6) = aa(8) - - - a(O:*VV)g,

where yt,=np+a,and (¢t.—1)y <np, while t,,, >a=t,.*
Now, let a=¢=0 so that % and r are multiples of » and may be taken as
kp and rp respectively. Hence we must consider the condition

(32) x50k pe)Chpgrpe = Chp.rp(Op)u.

I 2tp=mP+am2(tn—1) <mP(m=0,1, - - - ,2—1)(an<P),*andtmp >k Ztn,
then 2 =¢,+s and kz=mP+b, where b=sz+a.,<P.

Since, by the second of (17), ' =007, we must consider the value
of em. As at the beginning of §4 we can find integers f, and ¢, 20, such that
efu=pp+a, and e(f,—1)<p where a,<p. Then, if fuu>m=f,+h2f,,
Oy =00p*™. Hence kpo=bp+a,+he. Similarly, if r=t,+v, n=f,+w,

* See the definition of #w and a. at the beginning of §4.
1 If e=0 the work is exactly similar to that in §4.
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then 7po=dp+a,+we, where d =vz+a,<P. We now require to consider the
value of ciy,.rp,. Since

JEkpalrpe = Ckpo,rpelue

— J:,.-Mo]p]:,-i-m -:’
then
(33) ckp..eru. = Gbp,uo(alm‘)j;j:.'-b
where ¢ =a,+a,+ (h+w)e.
For, since
a, + we = ne (mod p),
(a, + we)x® = nex® (mod p)
and so by (22)
nex® = ne = a, + we (mod p).

In (33), csp,ne denotes ciy,s, where ne=f (mod p) and f<p, and later, to
simplify the formulas, Cyp4a,0p+¢ is often written for ci,, if @ 8,—9; and
0;0{=6,, even when a and ¢ are greater than p, and b and s greater than P.
When b+d<P, ], -]a,“,, and, if ¢<p, m+n is of the form f,,,+¢ and
Chprps=Cbp,ne(01™); but, if ¢=p, then m+n is of the form f,i,11+¢ and

Chporpe = E0p,ne(01)-

When b+d=P, ]H‘—pjl_y:“ =P and from (33) we see that a factor g

or g* occurs in Cip,rp, according as oc+e=p or =2p; that is, according as
m+n+1 is of the form f,4,4142 or fu4,42+2 Hence the complete values of
Cip,.rp, s Obtained from (33) are given by

(34) Ckpo,rpo — chy.tu(al'")
where
X=1,ifkt+r=tnats, m+n=f,,+4¢,

=g, f ktr=tnats, m+n=f,nu+1¢,

=p(0mt™), if ktr=tmnt+s, m+n+1=/f,,+¢,
=p(0f™t™)g, if k4t r=tmpapnts, m+nt+1=Ff,a+1¢
= p(0™™M)g?, f ktr=tmnnnts, m+n+1=/f, . 0+1¢

Now, since juje=B¢j» We have

(35) Copine = Bne Bne(Bo) - - - Bnc(apb—l),
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and by (10) and (11)
(36) Bre = B 6(&1)(01') (' > f-),
o=~ ;’) Ba Benro(01) (r=£»).

For ex=e (mod p) and accordingly c,,¢—1e=Cq,, (=130,
Hence, by (17), the second of (28), (35), and (36),

= G' s
@7 G = G0 ( 20 ) ’

where Ga=p p(0.) - - - p(62~Y), and n=f,+w.
When k+r<P, ciprp=1 and u=(k+r)p, and if we take k=1, D, by
means of (34) and (37) becomes

s G” g ’ =
(38) Yayar,(057) G,.(ﬂ,') ( g(op.) ) A(r+1)p

where
Y=1, r#t,1—1,
=p(02*"), r+1=1ty1, n+15f4,
=gp(02*™), r+1=tyy, n+1=Ff.
From successive applications of (38) we get*
(39 arp = apay(0,°) « - - ap(0,)pp(0) - - - p(027Y)g",

where r=1,2,--.,P—1;r=t,+v; n=f,+w.

By means of (34) and the formula 0:0’,'"=0:'=0,,,,, it can be shown
that D, is satisfied identically when the values of as,, a,p and a, are substi-
tuted from (39) into (32), for all values of % and r for which k47 <P.

But, if 2+r=2P, cip,rp=p and u=e¢. Hence

(k+1ne=Pz, kE+r=1t,
and, since k2#£0 (mod P) (k<P —1),z=m+n+1. If
(40) z=fi+h (ar+ ke < p),

A=p+vor u+v+1 or u+v+2, and in all cases by (34) and (39) D, reduces
tot

(41) a,a,(ﬂ,') e a,(o,'(P"”)pp(a.) e P(O."‘)g* = p(oq)a,.

*If e=0, v =0 and amp=apay(6y’) < + - ap(6, 7)o"
{If em0, A=0, a,=1 and (41) becomes ayarp(65°) - = + ap(6,"P-D) pomp(6,).
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Similarly, if +7>P, D, reduces to (41) for all values of k<P, r<P.
For, when k+7>P, ciprp=p and 4 =e+(k+r—P)p. Now

@@ air—P)p(02 )Cop, (14r—P) 5o = X et (h4r—P)p)

and by (26) D, becomes
(42) arparp(0 ')‘km.rm = P(ac)cu,(H—r-P)uaoa(bﬂ—l’)v(o’h) ’
and, if
k+r=t+a (6. + a2 < P),
then

s(k+r)=sP+a,+az, kE+r—P=t_,+a.
Hence, if s=f,+n, where a,+ne <p, the left hand side of (42) is equal to
a,a,(o,‘) Tt a,(ﬂ,‘“’"‘n‘)pp(o.) tr p(ﬂ."‘)g'.

Then, if
s—s=fu+n Gu+n'e<p),

by (40)
s = fapn+ 0" or frypr+n”,

and so o =\+p or A+pu+1, according as Ce,a4r—ps=1 or g. The right hand
side of (42) then becomes
p(B)asas(0F)ap(@5 PH07) - - - ay(8, (M9 X,

where
X = p(62p(8)"") - - - p(6; g .

On equating the two sides so obtained and cancelling the common factors,

we get (41).
We must now consider the general case of D,, where
k=a40bp (a,t=1,2,...’p_1
r=t+sp b,s-l,2,---,P—l).

For simplicity in writing let
jl" be aefined as j, when 82 = @,and ¢’ > p > a,
7*' be defined as jyprawhen %' = Oypp9and ¥’ > P > b,

Then
s = O

jljf = cbt(ol")cc.tﬂj'cb’,o,ju-
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Hence
(43) Cir = C3s(02)Ca,sC0p,09(0) Cone -
To get the value of c,,,, we consider*
FXTR I RY

which is equal to
(49) Cay dapfhCiv.asnfry = Cay.bssCiy.esp(Ohe)Chpefiug-
Since j»», may be of the form ji'j,* we have

Coyde dapf3" S 1 = Coup.tafi™ ¥ j5*,

or, since 2*=z (mod p),

(45) ‘tvé.hpjy”jl" = “l’-lvjl.'..j’“-
Hence
(46) ¢ lvd.hr(o:')jx' R P o

= ‘hr.tv(of')"'cv.tn“hr.up(ou)"oui-u
where

j:'j:”‘ = CGU-‘U*j'u

J9s" = Cospuspiug-
We get as special cases of D,
Mu(ou)cv.-' = cou(oq)atg
(47) acau‘(oo.)cay.lﬁy = ca.tﬂ(oq)an

ab,acp(atp.)cbu.u’ = cb,.ﬂ,(oc)avy
and

(48) Ay = datdp = Aalldp(0ag)Cay.bap
(a=0,l,-~,p—l;b=0,l,---,P-—l),

where (48) combined with (30) and (39) defines a; in terms of « and «,, and
Cay.tsp=1 or g according as su+s,<p or =p, where

ay=mp+an (6u<p), b8=sP+b, (b<P), se=pp+s. (5.<?).

® If ¢=0, Cay,mep™1 for all values of # and m.
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Making use of (47) and (48), and substituting for ¢, and ci,., their values
obtained from (44), (45) and (46) in D,, we get

(49) b i(02%)Cosp,ty = Cey,bspCop,s(0g)asmany(01'V2).

The w in the first of (47) may be of the form ¢+sp and so the first of (47)
is a case of D, that we are considering. But by writing ¢=9, =0, and
proceeding as in the general case, we reduce it to (49), where since =0
the formula corresponding to the first of (47) is now of the type (48). The
second and third of (47) have been treated earlier.

We now prove the following lemma:

LEMMA A. The formula (49) may be deduced for all values of b<P and
t1<p from

(50) ap0(05")Cop,y = Cyz,sp Cp,1(0)az5(017Y).

Assume that (49) holds for all values of #<b and ¢<¢, and consider (49)
with =1; that is

(51) abpa(oﬁb')chp.v = cvd.bwcbr.l(oq)asmbﬁ(ol”b)-

If we now write 8§v® for 4 in (51) and multiply the left members of (51) and
(49) together and equate the result to the product of the right members, we
get

(52) b5t e41(05 ") Coap, ty Cosp, g (01 °)Ceny, y

=VYa(u1)» app(0r® +Vv?)

where
Y= ctv,v(opb')cbﬂ.l(ol'boq)ctuz".bwCvsb,btp(al‘”b)ctsb.d(oc)°
Now,
Cey,y(02%)Chap,(t41)y Coyad, bsp Cya,bsp(017*°)
= Chap,tyCbap,y(01%*)Ciyab,ym Cts1) y2d,bap,
and

Cop,t+1 = Cbp, 1061 ") Cop,tCad, .

Making use of these two results, we see that (52) becomes (49) with # re-
placed by ¢+1, and so by induction (49) may be deduced from (51).

Now, (49) with t=x becomes
(53) b2 (05°%)Cbap, 2y = Cyzit,bapCop,=(0) T,

where
T = apnapy(0* 4ON
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Since
CDpa = €p,1(05°)Cop,5

and
Cbsp,sp C(b+1)sp,y Cyz,sp(02*)Cys1,bps

= Cup,y(05°)Cosp, 2y Cbap,sp(017% ™) Cy e 1, (54159,

when we combine (53) with (50), where 0:’,' is written for ¢ in (50), we get
(49) with b replaced by b+1 and our lemma is proved. Since <P, ¢ys,ip=1
and (50) becomes

(54) apa(055)Cep,y = cpa(0))azap(67),
where
o1 =P, Csp,y = B,(O,"‘l)ﬁ,.(o,"z) © o Byoa.

We have now shown that the condition D: reduces for all values of
k<gq, r<gq to (30), (31), (39), (41), (48), and (54) where (30), (39), and (48)
merely express a(k <¢) in terms of & and .

It remains to consider the condition D;. If j.jx=dijrje, where jr =ji,...,
and there are Q subscripts 0, k' =a’+b’p, where ¢’ =ay®=ax*s (mod p) by
(26), and b’ =b2°=bmP+b by (24), and accordingly

Jd’ = jimys.
Also ¢y =dicre and D; becomes
(55) Corib = Ck’O'aa+bv(0q°_l) R ) "’+h°"‘v‘s(0b')°
We shall now prove the following lemma:

LeMMa B. Condition D; follows for all values of k<gq from (56) and (57):
(56) co’.la = czﬁ'.,a(oqo-l)a,(oqo‘z) tte aﬂ"a(ol"’),

(57) Cor,pd = €0, 0rap(08 ) asp(097%) - - - a,Q—l,&(B,‘Q).

Since (55) holds for all values of k <g, it is true in particular for the two
cases =0 and a =0 respectively:

(58) Coryad = Ca#,¢r0a(0,97) gy (6,972) - - - gy @-15(0,%%%),
(59) Cor,bp0 = Corp,eranp(09 ) ssp(0,972) - - - ab.Q—l,ﬁ(ﬁ,,b').
If we write

010140 = gaza
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for # in (59), since

0:&‘0'0-0 = a.q--O:yO ,

we have from (58) and (59)
(60) Cor aCo 3p(B70)8 = Casm,erCrrp, o (0579)8(05 '0:"‘)X ’

where

X ﬁ dop-|+b--1p(og°")ccr-l.h'—lv(oco_'ﬂ)
-l Caye boep(09™*)

= Cabp(09) [€ay0.8.9, ] ﬁ cay a1y (6970).

Now, since meb+e(x*—1)=0 (mod p) by (24),

D2 = 2med. D6 o = . B2 = o’.‘ 03 .
B, =irfisn = fipRin = fied (f # 0 and in F(3))

» o’

Hence,

caza b’ .
J:“J:J.: = Cam,b'5Ck’ e'Jw

cb'p,c’(ol.,')casﬂ.c'co,Dp(oo')ca’&jl .
Cq’ .bp(ol.”’)co'c
From this result remembering that ax=ay? (mod p) and that 6¢=8,,
we see that (60) becomes (55). By induction, in a manner similar to that

used in Lemma B of §4, it can be shown that (58) and (59) are consequences
of (56) and (57) respectively. In the proof we require the formulas

Co' at1Casn,o'Con, e (01°79) = CoraCer 1(01°™)Caum, onC(at1) om0
€35.5(007)Co B0 50075, eCop, e (05°)
= Cyr,b5Ce'5(05° ) Cbr5,0pC(B41) 15,07
which can be deduced as in the previous cases. Since
Cor1 = Coyp,1(01%)C0;, 20 AN C oy, om = Com, oy = Can, e,
(56) becomes
(61) Casp1(017)8 = (0,97, (697%) - - - @y0-15(6,").
But e;>P —1 by (26) and so ¢, =1 and (57) becomes
(62) 8 = ¢y, 0oy N (087 - - - @8-1,8(0,"°).
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In (61)
Capt = B0, 1)B.(0, B0, - - - B,

and in (62), since 29 =mP+1,
CRp.e' = Bor(0)Cme. 010,

where Cume,s=1 or g, according as ¢ <e, or >e, and e;x=¢ (mod p).
We have now proved

THEOREM B. Let f(x) =0 be an equation of degree n=QPp, irreducible
in a field F, whose group for F is gemerated by three generalors ©,, 6, and 0,
described in §5. Then the algebra = is associative if and only if conditions
(28) kold. The totality of polynomials in j, with coefficients in = form an algebra
T of order n* over F which is associative if and only if conditions (29), (31),
(41), (54), (61), and (62) all hold and = is associative.

UnivezsITY or CHICAGO,
Carcaco, I,



